We exhibit a counterexample to a fiber theorem stated by F. For a finite group G and a prime p, we denote by S p (G) the poset of non-trivial p-subgroups of G, and by A p (G) the poset of non-trivial elementary abelian p-subgroups of G. It was proved by Quillen in an influential paper [7] , that the two posets S p (G) and A p (G) are actually homotopy equivalent.
Quillen's proof relies on a general result on topology of posets, often referred to as the "Quillen fiber lemma": Given a poset map f : P → Q , if the fibers f −1 (Q q ) are contractible, then f is a homotopy equivalence. Several results similar to the Quillen fiber lemma can be found in the literature and some have proved useful for the study of A p (G). They are sometimes called "fiber theorems" and have the following general form: Given a poset map f : P → Q , certain properties can be transferred from Q to P , if the fibers f −1 (Q q ) are sufficiently well-behaved. A good account of the subject, as well as the following general result subsuming several of the known fiber theorems, can be found in a paper [2] by Björner, Wachs and Welker.
Theorem 1 (Björner, Wachs, Welker) . Let f : P → Q be a poset map such that for all q ∈ Q , the fiber f −1 (Q q ) is non-empty, and for all non-minimal q ∈ Q , the inclusion map [4, Corollary 5] . The second one will also serve as a counterexample to the wedge decomposition formula obtained by Fumagalli in the proof of his Lemma 19. We will show in addition how this affects the rest of Fumagalli's paper.
All posets and groups appearing in this paper are assumed to be finite. To ease notation, we will use the same letter for a poset and for its order complex. Given a poset map f : P → Q and q ∈ Q , we denote by f
For any group G, we denote by G its derived subgroup and by Φ(G) its Frattini subgroup. If G is a p-group, for some prime p, we denote by Ω 1 (G) the subgroup of G generated by all elements of order p in G In his paper [4] , Fumagalli introduces, for 
Fumagalli's proof of Formula (1) makes use of Formula (2) below, which is the statement of Corollary 5 in Fumagalli's paper [4] .
Let f : P → Q be a poset map and assume the following: Assumption 1. The poset Q is a meet-semilattice with least element0.
Assumption 2. For every
q is either contractible, or a wedge of n q -dimensional spheres, with 0 n q < n q if q < q in Q .
Fumagalli claims that under these assumptions, there exists a homotopy equivalence P f
This equivalence is given in [4] as a corollary to three standard lemmas, namely the Projection Lemma = {y 0 , z 0 } is a sphere of dimension 0, hence Assumption 3 is also satisfied. However, the poset P is contractible, whereas the right-hand side of Formula (2) contains the wedge summand Q >0 which is homotopy equivalent to a sphere of dimension 1, and thus Formula (2) does not hold.
Note furthermore, that in this example the inclusion map f −1 , and the union of spaces of dimension at most r is also at most r-dimensional. This fact was used in particular by Pulkus and Welker (see [6, Lemma 3.2] ), and it is probably a similar argument that Fumagalli had in mind. There is unfortunately no such argument under the conditions of Assumption 3, since there is no condition on the dimensions and the union of k-connected spaces does not necessarily remain k-connected.
The next example gives another counterexample to Formula (2) and shows furthermore that Formula (1) is not true in general. q is a wedge of p spheres of dimension 0. All of the assumptions are satisfied and Formula (2) can be rewritten as the following homotopy equivalence 
is contractible. To see this, we use the following wedge decomposition, which is slightly modified from [3] .
Lemma 2. Let A be a central elementary abelian p-subgroup of the p-group G and suppose that G contains a normal subgroup E
Proof. Let P be the poset A p (G)\F and let B ∈ P . Since |G : M| = p and B / ∈ F , we have B ∩ M > A and the following sequence of inequalities in P shows that the poset P is indeed contractible:
The set F consists of minimal elements of A p (G) >A and the result follows from the homotopy complementation formula (see for example [1, Corollary 2.3] ) and the observation that lk >A , where the homotopy equivalence comes from the contraction B → B ∩ M with homotopy inverse E → E F . 2
We apply Lemma 2 to our group L defined above, with A = Z (L) and 
It follows that Eq. (3) does not hold and we show now how this implies that Formula (1) does not hold in general. For this, we set
The following identifications follow easily:
We see thus that Formulas (1) and (3) are identical in this situation, showing that Formula (1) does not hold in general. which is a sphere of dimension 1. The poset P is contractible, whereas Q >0 is homotopy equivalent to a 2-dimensional sphere. Note that this is not strictly speaking a counterexample, since Q is not a meet-semilattice.
